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SPHERICAL 2-DUPIN SUBMANIFOLDS
ANTONIO J. DI SCALA AND GUILHERME MACHADO DE FREITAS
Abstract. We show that every spherical 2-Dupin submanifold that is not a
hypersurface is conformally congruent to the standard embedding of the real,
complex, quaternionic or octonionic projective plane. We also classify 2-CPC,
2-umbilical and weakly 2-umbilical submanifolds in space forms.
1. Introduction
An isometric immersion f : Mn → M˜m is said to be umbilical at x ∈ Mn if
there exists η in its normal space NfM (x) such that its second fundamental form
α (X,Y ) = 〈X,Y 〉 η
for all X,Y ∈ TxM . Clearly, in this case η is the mean curvature vector H (x) of f
at x. Equivalently, f is umbilical at x if its shape operator
(1.1) Aξ = 〈H (x) , ξ〉 I
for every ξ ∈ NfM (x). A submanifold is called umbilical if it is umbilical at every
point.
An isometric immersion f : Mn → M˜m is said to have parallel mean curvature
vector field if
(1.2) ∇⊥XH = 0
for all x ∈Mn and X ∈ TxM .
In particular, if f has parallel mean curvature vector field then it follows that
‖H‖ is constant along Mn.
An immersion is called an extrinsic sphere if it is umbilical and the mean curva-
ture vector field is parallel.
It is a well-known fact that every n-dimensional (complete) extrinsic sphere of
the space form Qmc˜ is isometric to Q
n
c , where c = c˜+‖H‖2, and it is always a hyper-
surface in the sense that its codimension can be reduced to one, i.e., it is contained
in a totally geodesic submanifold Qn+1c˜ . Moreover, it is uniquely determined by
and can be explicitly described in terms of one of its points together with its corre-
sponding tangent space and mean curvature vector. Indeed, in Euclidean space, for
instance, apart from affine subspaces (totally geodesic submanifolds), any extrinsic
sphere is an actual round sphere, while in the spherical and hyperbolic space forms
(regarded as round spheres of the Euclidean and Lorentzian space, respectively) an
extrinsic sphere is always the intersection with an affine subspace of the ambient
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Euclidean or Lorentzian space, respectively. Of course an extrinsic sphere is totally
geodesic if and only if H = 0. We refer to Dajczer [1] or Berndt-Console-Olmos [2]
for the many details of this result.
It is also well known that the parallelism (1.2) of the mean curvature vector field
is automatically satisfied for n-dimensional umbilical submanifolds in space forms
with n ≥ 2. This is a simple consequence of the Codazzi equation. In other words,
any n-dimensional umbilical submanifold of a space form is always an extrinsic
sphere if n ≥ 2. On the other hand, this is clearly not true if n = 1, since every
curve is trivially umbilical.
We now discuss how the definitions of umbilical submanifolds and extrinsic
spheres can be generalized to encompass some of the most beautiful and widely
studied classes of submanifolds, but before proceeding we agree that manifolds are
always connected throughout the article and we denote by
UNm−1f = {(x, ξ) ∈ NfM : ‖ξ‖ = 1}
the unit normal bundle of a given isometric immersion f : Mn → M˜m, except
when f is an oriented hypersurface, in which case the right-hand side of the above
equation is not connected and so UNnf will stand for one of its two connected
components. We also use the natural identification of T(x,ξ)UNf as a subspace of
TxM × Tf(x)M˜ by means of differentiation with respect to the Levi-Civita connec-
tion ∇˜ of M˜ , i.e., given a curve (x (t) , ξ (t)) in UNm−1f , we identify
(1.3) (x, ξ)
′ ≃
(
x′, ∇˜x′ξ
)
=
(
x′,−f∗Aξx′ +∇⊥x′ξ
)
,
where we have used the Weingarten formula in the equality. Since ξ (t) is a unit
vector field along x (t), it follows that ∇⊥x′ξ is orthogonal to ξ, and hence
T(x,ξ)UNf ≃ {(X,−f∗AξX + η) : X ∈ TxM and η ∈ NfM (x) , η · ξ = 0} .
Note that equation (1.1) can be simply translated into the fact that f has ex-
actly one principal curvature with respect to any (x, ξ) ∈ UNm−1f . It is hence
quite natural to extend this definition to the case in which f has precisely k prin-
cipal curvatures with respect to every (x, ξ) ∈ UNm−1f . An isometric immersion
f : Mn → M˜m is said to be k-umbilical at x ∈ Mn if it has exactly k distinct
principal curvatures with respect to all (x, ξ) ∈ UNm−1f . A submanifold is called
k-umbilical if it is k-umbilical at every point. In this case, each principal curvature
κi : UN
m−1
f → R, 1 ≤ i ≤ k, has constant multiplicity and is then smooth as well
as its corresponding principal distribution
Ei (x, ξ) = {X ∈ TxM : AξX = κiX} ,
by the general theory of symmetric smooth tensors on Riemannian manifolds (see,
for example, Cecil-Ryan [3], Nomizu [4] or Ryan [5]). Of course, Ei is not a dis-
tribution in the strict sense of the word, although we will soon associate it to its
horizontal lift Ti, which is then literally a distribution on UN
m−1
f . Notice also that,
if k ≥ 2 and f :Mn → Qn+pc is k-umbilical at some point x, the definition forces f
to be conformally substantial, since in this case no umbilical normal direction at x
will then exist.
The definition of an extrinsic sphere, on the other hand, is a little bit more
complex, since it involves not only the algebraic nature of the second fundamental
form, but also the differential requirement that the mean curvature vector field be
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parallel. The attempt to generalize the latter condition to k-umbilical submanifolds,
depending on how we look at it, will lead us through a nested sequence
(1.4) Uk ⊂ Ik ⊂ Dk
of three remarkable classes of submanifolds.
Let Sn be an extrinsic sphere in a space form. As discussed at the beginning of
the section, we can assume that Sn is an orientable hypersurface. Then the whole
information of its second fundamental form is contained in its shape operator A
with respect to one of its two unit normal vector fields and condition (1.2) reduces
to the constancy of its unique principal curvature (which is no longer than its mean
curvature).
The simplest and most obvious way of extending the last property to a k-
umbilical submanifold is by requiring that it have the same principal curvatures with
respect to all normal directions. A k-umbilical isometric immersion f :Mn → M˜m
is said to be k-unipotent if its principal curvatures κi : UN
m−1
f → R, 1 ≤ i ≤ k,
are constant. This is a very special symmetry condition that imposes strong geo-
metric restrictions on f even punctually, since it will then shape up the same way
in all directions. Prototypical examples of unipotent submanifolds of a Riemannian
manifold M˜m are given by the so-called normal homogeneous submanifolds, that
is, orbits of a connected closed subgroup of I0
(
M˜
)
whose slice representation at a
point acts transitively on the unit sphere in the normal space at that point.
Remark 1. In [6], the first author used the notion of unipotency in the sense that
the shape operator Aξ satisfies the equation A
2
ξ = k ‖ξ‖2 I, where k > 0 is constant,
which except for hypersurfaces is easily seen to be equivalent to our definition of a
2-unipotent submanifold.
The second possibility is to require that the principal curvatures be constant
just along parallel normal vector fields. Since these vector fields do not exist even
locally in general, we must pick them always along piecewise differentiable curves,
and this brings us to the classical concepts of submanifolds with constant principal
curvatures and isoparametric submanifolds. Recall that an isometric immersion
f : Mn → M˜m is said to have constant principal curvatures if for any parallel
normal vector field ξ (t), along any piecewise differentiable curve, the principal
curvatures in direction ξ (t) are constant. If in addition the normal bundle of f is
flat, one says that the submanifold is isoparametric.
Remark 2. Isoparametric hypersurfaces were studied by many prominent mathe-
maticians in the 20th century, including B. Segre, Levi-Civita and E´. Cartan, and
they are still an active research field. The beginning of the history of their gener-
alizations to higher codimensions goes back to the 80s, with the (sometimes inde-
pendent) work of many authors: J. Eells [7], D. Gromoll and K. Grove [8], Q. M.
Wang [9], C. E. Harle [10], W. Stru¨bing [11] and C.-L. Terng [12]. There are differ-
ent aspects of these generalizations that are actually strictly related: isoparametric
maps, isoparametric submanifolds and submanifolds with constant principal curva-
tures (for more details on the historical development see [13]). The general notion
of an isoparametric map is credited to C.-L. Terng. It turns out that regular level
submanifolds of an isoparametric map are isoparametric submanifolds. Conversely,
any isoparametric submanifold Mn of Rm determines a polynomial isoparametric
map on Rm, which has Mn as a regular level set (cf. [14] and [2]). The notion of
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isoparametric submanifold is nowadays also regarded as originally given by C.-L.
Terng, even though it was first stated by C. E. Harle in [10]. There is a strong
link between those submanifolds and s-representations. In fact, as a consequence
of a result by Thorbergsson [15], the orbits of s-representations are almost all sub-
manifolds with constant principal curvatures. It was conjectured by C. Olmos [16],
twenty years ago, that a full and irreducible homogeneous submanifold of the sphere
such that the normal holonomy group is not transitive must be an orbit of an irre-
ducible s-representation. The conjecture was already known to be true for surfaces,
and recently C. Olmos and R. Rian˜o-Rian˜o [17] have proved it also in dimension
three. For many other interesting facts and results on isoparametric and homoge-
neous submanifolds, the interested reader can refer to Heintze-Olmos-Thorbergsson
[18] and Berndt-Console-Olmos [2].
Since the condition of constant principal curvatures is far more important than
having flat normal bundle and actually captures the essence of an isoparametric
submanifold, we will make no distinction between them and submanifolds with
constant principal curvatures, and both will be called CPC submanifolds for sim-
plicity, whether their normal bundle is flat or not. It is also useful to indicate
explicitly the constant number k of principal curvatures of f by saying that f is a
k-CPC submanifold. Observe that, if (x (t) , ξ (t)) ∈ UNm−1f is a parallel normal
vector field, then equation (1.3) yields
(x, ξ)
′
= (x′,−f∗Aξx′) ,
and thus the constancy of the principal curvatures κi, 1 ≤ i ≤ k, along (x, ξ) is
equivalent to
κi∗ (x
′,−f∗Aξx′) = 0.
In other words, f is k-CPC if and only if every κi is constant along the horizontal
lift
T(x,ξ)M = {(X,−f∗AξX) : X ∈ TxM}
of the tangent bundle.
Remark 3. Unlike our definition of a CPC submanifold, those found in the liter-
ature do not require the submanifold to be k-umbilical.
Finally, a last possible extension of the concept of an extrinsic sphere to k-
umbilical submanifolds is obtained by requiring the even weaker condition that
each principal curvature κi, 1 ≤ i ≤ k, be constant but only along its lines of
curvature, i.e., parallel normal vector fields (x (t) , ξ (t)) ∈ UNm−1f such that
Aξx
′ = κix
′,
or equivalently, that each κi be constant along the horizontal lift
Ti = {(X,−f∗AξX) : X ∈ Ei}
of its principal distribution Ei. In codimension one, Ti can be obviously identified
with Ei and the above notion reduces to the definition of a Dupin hypersurface. It is
hence quite natural to call a general k-umbilical isometric immersion f :Mn → M˜m
a k-Dupin submanifold if f satisfies the above property.
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Remark 4. See Reckziegel [19] for a general Riemannian treatment of the no-
tion of principal curvatures and curvature submanifolds in the case of an isomet-
ric immersion f : Mn → Qn+pc of codimension greater than one. In that case,
Reckziegel defines a curvature submanifold to be a connected submanifold S ⊂ Mn
for which there is a parallel (with respect to the normal connection) section of the
unit normal bundle η : S → UNn+p−1f such that for each x ∈ S, the tangent space
TxS is equal to some eigenspace of Aη(x). The corresponding principal curvature
κ : S → R is then a smooth function on S. Pinkall [20] calls an isometric immer-
sion f :Mn → Qn+pc of codimension greater than one “Dupin” if all of its principal
curvatures are Dupin, i.e., constant along each corresponding curvature subman-
ifold (in the sense of Reckziegel). Pinkall’s definition is clearly equivalent to our
definition of a k-Dupin submanifold in the case where f is k-umbilical. Further-
more, the notion of Dupin can be generalized even to the larger class of Legendre
submanifolds, so that our definition of a Dupin submanifold can be expressed in
terms of its Legendre lift, as we will see in Subsection 2.2. The basic idea is that a
submanifold of codimension greater than one is k-Dupin if and only if its Legendre
lift is (k + 1)-Dupin in the sense of Pinkall [21]. In any case, we are surprised
that the concept of a Dupin submanifold of higher codimension has not yet been
much explored in the literature. On the other hand, we mention, for the record, the
work [22] by Dajczer, Florit and Tojeiro, in which they studied a weak notion of
reducibility for submanifolds that carry a so-called Dupin principal normal.
The link with Lie sphere geometry provided by Legendre lifts is at the core
of our approach throughout this article and allows us to deduce several interesting
properties of Dupin submanifolds from the corresponding ones satisfied by their lifts.
It will follow for instance that Dupin submanifolds are invariant under conformal
transformations of and between ambient spaces, and also that the constancy of a
principal curvature along the leaves of its principal foliation is automatic when its
multiplicity is greater than one.
Remark 5. Unlike our definition of a Dupin submanifold, those found in the lit-
erature for hypersurfaces also do not require the submanifold to be k-umbilical, and
the term “proper” is reserved for when this is the case.
It is clear from the above definitions that every k-unipotent submanifold is k-
CPC and that every k-CPC submanifold is in turn k-Dupin, so that (1.4) holds in
the obvious notation. It is also clear that for k = 1 the first notion only makes
sense for hypersurfaces, in which case all three definitions collapse into that of an
extrinsic sphere. Actually, in the case of hypersurfaces the first two concepts of
k-unipotent and k-CPC hypersurfaces always coincide, for all k ∈ N.
In the next case k = 2, the class of 2-unipotent submanifolds in space forms has
been studied by the first author in [6], who has shown that in codimension greater
than one it is nonempty essentially only in the spheres S4, S7, S13, S25 and in each
case consists of the sole standard embedding of the real, complex, quaternionic or
octonionic projective plane, respectively. The reason for the ‘essentially’ qualifier
is that such embeddings can of course also be composed with the inverse of the
similarity θc : S
m
c → Sm given by
θc (x) =
√
c x,
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where Smc ⊂ Rm+1 is regarded as
Smc =
{
x ∈ Rm+1 : ‖x‖2 = 1
c
}
,
in order to yield the versions of the standard embeddings in S4c , S
7
c , S
13
c , S
25
c instead.
Theorem 1 (Di Scala [6]). Let f :Mn → Qn+pc , p ≥ 2, be an isometric immersion.
Then, the following facts are equivalent:
(i) f is 2-unipotent;
(ii) c > 0, n = 2µ, p = 2µ−1 + 1 for µ = 1, 2, 3, 4 and, up to congruence and
the similarity θc, f (M) is an open subset of ψF
(
FP
2
)
, where ψF : FP
2 →
S3·2
µ−1+1 denotes the standard embedding of the projective plane FP2, for
F = R,C,H,O, according to whether µ = 1, 2, 3, 4, respectively.
The standard embeddings of the projective planes are also familiar to us from
Cartan’s [23] classification of 3-isoparametric hypersurfaces, which together with
the above remark on Legendre lifts suggests that they might exhaust the class of
2-CPC submanifolds in space forms too in codimension greater than one. This is
actually the case, and is the content of one of our main results in this article.
Theorem 2. Let f : Mn → Qn+pc , p ≥ 2, be a connected 2-CPC isometric im-
mersion. Then c > 0, n = 2µ, p = 2µ−1 + 1 for µ = 1, 2, 3, 4 and there exists an
isometry φ of S3·2
µ−1+1
c such that θc ◦ φ ◦ f (M) is an open subset of the image of
the standard embedding ψF : FP
2 → S3·2µ−1+1 of the projective plane FP2, where
F = R,C,H,O, respectively, and θc : S
3·2µ−1+1
c → S3·2
µ−1+1 is the similarity.
Conversely, for every isometry φ of S3·2
µ−1+1
c , the composition φ ◦ θ−1c ◦ ψF :
FP2 → S3·2µ−1+1c is a 2-CPC isometric immersion.
Remark 6. The remaining case p = 1 in Theorems 1 and 2 corresponds to the
well-known classification of 2-isoparametric hypersurfaces in space forms. For Rn+1
this classification is due to Levi-Civita [24] for n = 2 and to Segre [25] in general,
while for Hn+1 and Sn+1 it is due to E. Cartan [26], [23].
A 2-isoparametric hypersurface of Rn+1 or Hn+1 is always a spherical cylinder
(or tube around a totally geodesic submanifold, depending on the reader’s philosoph-
ical bent), whereas in Sn+1 it is a Riemannian product of two spheres.
Remark 7. For another interesting characterization of the Veronese submanifolds
ψF see the recent paper [17] by C. Olmos and R. Rian˜o-Rian˜o. These submanifolds
also appear implicitly or explicitly in several other contexts and works, such as in
Console-Olmos [27] , Nurowski [28], [29] and also [30] by the second author, just to
give a few references. The importance of the Veronese embeddings in the geometry
of submanifolds cannot be sufficiently emphasized. It seems that time and again,
when people least expect it, new important developments come out involving these
simple and compellingly beautiful submanifolds.
Finally, concerning the last class of 2-Dupin submanifolds, in view of conformal
invariance, many other spherical examples of these are obtained after a conformal
deformation of one of the standard embeddings ψF and even in Euclidean and
hyperbolic space forms via the stereographic projections pi0 : R
m → Sm and pic :
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Hmc → Sm with pole σ = (−1, 0, . . . , 0) given by
(1.5)
pi0 (x) =
(
1− x · x
1 + x · x ,
2x
1 + x · x
)
,
pic (x) =
(
1− y · y
1 + y · y ,
2y
1 + y · y
)
, y = (x2, . . . , xm+1) /
(
x1 + c
−1/2
)
,
where we regard Hmc in the Lorentzian space L
m+1 as
Hmc =
{
x ∈ Lm+1 : ‖x‖2 = 1
c
}
.
Nevertheless, the main goal of this paper is to prove that these are the only possible
new examples of 2-Dupin submanifolds in space forms. Since these submanifolds
are invariant under conformal transformations between ambient spaces, the state-
ment is essentially the same whether it is considered in the sphere, in Euclidean
space or in hyperbolic space. Among these three geometries, the spherical one is
the best suited for displaying solutions of problems in conformal geometry with
some Riemannian-geometric flavor, especially for the fact that the sphere has this
distinguished property that any two given extrinsic spheres of the same dimension
are always similar, while in the other two space forms also stereographic projections
must be taken into account in order to move from one type of extrinsic sphere to
another. Hence, we confine ourselves here to stating our classification of 2-Dupin
submanifolds just in the unit sphere Sm.
Theorem 3. Let f : Mn → Sn+p, p ≥ 2, be a connected 2-Dupin isometric im-
mersion. Then n = 2µ, p = 2µ−1 + 1 for µ = 1, 2, 3, 4 and there exists a conformal
transformation φ of S3·2
µ−1+1 such that φ ◦ f (M) is an open subset of the image
of the standard embedding ψF : FP
2 → S3·2µ−1+1 of the projective plane FP2, where
F = R,C,H,O, respectively.
Conversely, for every conformal transformation φ of S3·2
µ−1+1, the composition
φ ◦ ψF is a 2-Dupin isometric immersion.
Remark 8. The remaining case p = 1 of hypersurfaces in the above theorem cor-
responds to Pinkall’s [21] celebrated characterization of the well-known cyclides of
Dupin as being always locally conformally congruent to rotational hypersurfaces with
a sphere as profile.
The proof of Theorem 3 relies on Pinkall [31] and Cecil-Jensen’s [32] deep
result that an irreducible 3-Dupin hypersurface must be Lie equivalent to a 3-
isoparametric hypersurface, which in turn is a tube over the standard embedding
ψF of the projective plane FP
2, for F = R,C,H,O, in S4, S7, S13, S25, respectively,
by Cartan’s classification. Given a 2-Dupin submanifold f : Mn → Sn+p, p ≥ 2,
our proof can be briefly outlined as follows.
(1) We consider the Legendre lift λ : UNn+p−1f → Λ2(n+p)−1 of f , which will
be a 3-Dupin submanifold in the sense of Lie sphere geometry.
(2) We manage to prove that λ is irreducible in the sense of Pinkall [21].
(3) We then use Pinkall and Cecil-Jensen’s aforementioned result coupled with
Cartan’s classification of 3-isoparametric hypersurfaces to conclude that λ
is Lie equivalent to a tube over some ψF.
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(4) We use a characterization of Lie sphere transformations by Cecil-Chern [33]
according to which any such transformation can be written as the compo-
sition of two Mo¨bius transformations and some parallel transformation in
the middle.
(5) We finally show that if the above parallel transformation existed, then f
would be 2-unipotent, and therefore it would already be itself one of the
standard embeddings ψF, by Theorem 1.
We now turn our attention to the broader class of 2-umbilical submanifolds of
space forms. The fact mentioned above that the only principal curvatures which
must be considered in checking the Dupin property are those of multiplicity one
takes us one step away from the complete classification of these submanifolds too.
In fact, as we will see in the next section, the two distinct principal curvatures of a 2-
umbilical submanifold f :Mn → Qn+pc of codimension p > 1 have always the same
multiplicity m, and in particularMn has even dimension n = 2m. Therefore, every
2-umbilical submanifold that is not a surface nor a hypersurface is automatically 2-
Dupin, and we are covered by Theorem 3. In the case of a surface f :M2 → Q2+pc ,
there is not much to say, except that p ≤ 2, since the vector subspace of real
symmetric 2×2 matrices is 3-dimensional and f has no umbilical normal directions
by definition. Thus, the only possibility remaining is that f : Mn → Qn+1c is a
hypersurface with a principal curvature κ of multiplicity n − 1 ≥ 2. These are
the well-known generalized (n− 1)-cylinders for κ = 0 and 1-parameter envelopes
of hyperspheres (briefly, 1-PES) otherwise, which were studied by Dajczer-Florit-
Tojeiro [22] and Asperti-Dajczer [34], respectively. For the sake of completeness,
we include a brief account of these results in Subsection 2.3, where we also offer an
erratum to one of Asperti-Dajczer’s results about the so-called special k-parameter
envelopes of spheres (briefly, k-SPES).
Coupling Theorem 3 with the above considerations, we get the following complete
classification of 2-umbilical submanifolds of space forms. Since the k-umbilical
property is also invariant under conformal transformations between ambient spaces
(because the traceless parts of the shape operators do not change under such a
transformation), we present also this result just in the sphere.
Theorem 4. Let f :Mn → Sn+p be a 2-umbilical isometric immersion. Then, one
of the following possibilities holds:
(i) n = 2µ, p = 2µ−1 + 1 for µ = 2, 3, 4 and there exists a conformal transforma-
tion φ of S3·2
µ−1+1 such that φ ◦ f (M) is an open subset of the image of the
standard embedding ψF : FP
2 → S3·2µ−1+1 of the projective plane FP2, where
F = C,H,O, respectively.
(ii) n ≥ 3, p = 1 and f is locally conformally congruent to a rotational hypersur-
face with a sphere as profile.
(iii) n ≥ 3, p = 1 and, on each connected component of an open dense subset of
Mn, f is either a generalized (n− 1)-cylinder or a 1-PES.
(iv) n = 2, p ≤ 2 and f is a surface free of umbilical normal directions.
Finally, we also study a weaker notion of 2-umbilicality that allows the existence
of umbilical normal directions. An isometric immersion f : Mn → M˜m is said to
be weakly k-umbilical at x ∈ Mn if it has at most k distinct principal curvatures
with respect to all (x, ξ) ∈ UNm−1f . A submanifold is called weakly k-umbilical
if it is weakly k-umbilical at every point. In this case the principal curvatures
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κ1 ≤ κ2 ≤ · · · ≤ κn of f with respect to (x, ξ) are still continuous in the whole
UNm−1f , but since they no longer have constant multiplicity, smoothness can be
now ensured only on a open dense subset of UNm−1f . Note also that with this
definition every weakly (k − 1)-umbilical submanifold is also weakly k-umbilical.
In particular, umbilical submanifolds are weakly 2-umbilical.
Remark 9. The above idea of weak k-umbilicality should not be confused with the
concept of weak-umbilic points introduced by Moore [35].
One might hope that this new concept gives rise to some other interesting types of
submanifolds in space forms in the case k = 2. However, we break this expectation
by showing that the new possibilities that come out of this definition are not much
distinct from the examples we have already gotten in Theorem 4. Before stating the
result, first note that the standard embeddings in case (i) of Theorem 4 have flat
normal bundle nowhere, while the rotational hypersurfaces, generalized cylinders
and envelopes of hyperspheres in cases (ii) and (iii), being hypersurfaces, have
flat normal bundle everywhere. It turns out that this duality is preserved in the
weakly 2-umbilical case. We show that allowing umbilical normal directions keeps
cases (i) and (ii) essentially unaffected, as they remain true up to reduction of
conformal codimension. Regarding case (iii), the notion of a generalized cylinder
actually makes sense in arbitrary codimension, while 1-PES are replaced by their
natural generalization in higher codimension described in Subsection 2.3. Lastly,
in case (iv) all surfaces of arbitrary codimension are now clearly allowed. To avoid
technicalities we shall assume f in the statement to be umbilic free.
Theorem 5. Let f : Mn → Sn+p be an umbilic-free weakly 2-umbilical isometric
immersion. Then, one of the following possibilities holds:
(i) R⊥ 6= 0 everywhere, n = 2µ for µ = 2, 3, 4 and there exist an umbilical sphere
S3·2
µ−1+1
c , c ≥ 1, of S2
µ+p such that f (M) ⊂ S3·2µ−1+1c and a conformal
transformation φ of S3·2
µ−1+1
c such that θ
−1
c ◦ φ ◦ f (M) is an open subset of
the image of the standard embedding ψF : FP
2 → S3·2µ−1+1 of the projective
plane FP2, where F = C,H,O, respectively, and θc : S
3·2µ−1+1
c → S3·2
µ−1+1 is
the similarity.
(ii) R⊥ = 0 everywhere, n ≥ 3 and there exists an umbilical sphere Sn+1c , c ≥ 1,
of Sn+p such that f (M) ⊂ Sn+1c and f is locally conformally congruent to a
rotational hypersurface in Sn+1c with a sphere as profile.
(iii) R⊥ = 0 everywhere, n ≥ 3 and, on each connected component of an open
dense subset of Mn, f either is a generalized (n− 1)-cylinder or envelopes a
1-parameter congruence of hyperspheres.
(iv) n = 2 and f is an umbilic-free surface.
Acknowledgments. The authors express deep thanks to E. Musso for the precious sugges-
tion.
The second author is also looking forward to Rio 2016 and he hopes to see everybody
there!
2. Preliminaries
Before proving our main theorems, we begin with some preliminary results on
2-umbilical submanifolds, Dupin submanifolds and 1-PES. To facilitate the expo-
sition, we will divide this section into three subsections. The results in the first
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subsection derive from purely algebraic considerations on symmetric bilinear forms
mirroring second fundamental forms of 2-umbilical submanifolds, while the second
subsection consists of well-known results from Lie sphere geometry and its appli-
cations to the theory of Dupin submanifolds. The last subsection is devoted to the
study of generalized (n− 1)-cylinders and 1-PES and their generalization to higher
codimension.
2.1. 2-umbilical submanifolds. In this subsection, we derive two important re-
sults concerning 2-umbilical submanifolds. The first of these provides a simple
(necessary and) sufficient condition for a 2-umbilical submanifold to be 2-unipotent
and the second describes the spectral structure of the second fundamental form of
2-umbilical submanifolds.
In order to state the above lemmas we need to introduce some terminology.
Let V and W be real vector spaces of finite dimension with positive definite inner
products and let β : V × V → W be a symmetric bilinear form. For any given
ξ ∈W , let Bξ : V → V be the self-adjoint operator defined by
〈BξX,Y 〉 = 〈β (X,Y ) , ξ〉 .
Motivated by the situation of the second fundamental form of k-umbilical sub-
manifolds, β is said to be k-umbilical if Bξ has exactly k distinct eigenvalues
κi (ξ) , 1 ≤ i ≤ k, for all ξ ∈ W with ‖ξ‖ = 1. It is called k-unipotent if in
addition either k = 1 or k ≥ 2 and the eigenvalues κi (ξ) = κi, 1 ≤ i ≤ k, are
constant.
In our target case of 2-umbilical symmetric bilinear forms, the next lemma shows
that it suffices to check that all Bξ’s share just one eigenvalue for β to be 2-
unipotent.
Lemma. Let β : V n × V n → W p be a 2-umbilical symmetric bilinear form. If all
Bξ, ‖ξ‖ = 1, share a common eigenvalue κ, then β is 2-unipotent.
Proof. In the case p = 1 there is nothing to prove. Otherwise, we first claim that
κ 6= 0. To see this, consider the vector H ∈ W p defined by
H =
1
n
n∑
j=1
β (Xj, Xj)
in terms of an orthonormal basis X1, . . . , Xn of V
n.
The preceding expression implies that
n 〈H, ξ〉 = trBξ
for any ξ ∈W p, hence
trBξ = 0
for any unit vector ξ ∈ W p orthogonal to H. Since Bξ has exactly two distinct
eigenvalues, the above equation gives
κ 6= 0,
as we wished. Then, since by assumption κ must be a common eigenvalue of both
Bξ and B−ξ = −Bξ, it follows that ±κ are their two eigenvalues. 
The above lemma has the following geometric counterpart.
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Lemma 1. Let f :Mn → Qn+pc be a 2-umbilical isometric immersion. If all shape
operators Aξ, (x, ξ) ∈ UNn+p−1f , share a common principal curvature κ, then f is
2-unipotent.
Proof. This is an immediate consequence of the previous lemma for β = αx, x ∈
Mn. 
Next, we show that 2-umbilicality imposes a very special spectral structure for
symmetric bilinear forms. In particular, it will follow that, in codimension p ≥ 2,
this phenomenon is unique to even dimensions.
Lemma. Let β : V n×V n → W p, p ≥ 2, be a 2-umbilical symmetric bilinear form.
Then, for every nonzero vector ξ ∈W p, we have
(2.1) κi (−ξ) = −κj (ξ) , 1 ≤ i 6= j ≤ 2,
and thus
(2.2) m1 (ξ) = m2 (ξ) =: m.
In particular, n = 2m is even.
Proof. Since Bξ has always two distinct eigenvalues, so does its traceless part B
0
ξ ,
whose eigenvalues are then ±κ0 (ξ) 6= 0. As p ≥ 2, we can walk from ξ to −ξ
without stepping foot at the origin, so κ0 never vanishes on the way and hence
κ0 (−ξ) = κ0 (ξ) ,
which easily yields (2.1). Moreover, the fact that E−κj (−ξ) = Eκj (ξ), together
with (2.1), clearly implies (2.2). 
Again we state the immediate geometric counterpart of the previous lemma.
Lemma 2. Let f : Mn → Qn+pc , p ≥ 2, be a 2-umbilical isometric immersion.
Then, for every (x, ξ) ∈ UNn+p−1f , we have
κi (x,−ξ) = −κj (x, ξ) , 1 ≤ i 6= j ≤ 2,
and thus
m1 (x, ξ) = m2 (x, ξ) =: m.
In particular, n = 2m is even.
Proof. Again a direct consequence of the preceding lemma for β = αx, x ∈Mn. 
Remark 10. By relatively simple similar arguments the statements of Lemmas 1
and 2 can be extended to weakly 2-umbilical submanifolds:
(i) The corresponding version of Lemma 1 assumes that f is umbilic-free and the
shape operators Aξ share a common principal curvature κ for all nonumbilical nor-
mal directions (x, ξ) ∈ UNn+p−1f . The conclusion is that either κ = 0 and the first
normal space Nf1 (x) = span {H (x)} has dimension 1 for all x ∈Mn, in particular,
the second fundamental form of f is diagonalizable and f has flat normal bundle
everywhere by the Ricci equation, or κ 6= 0 and f is 2-unipotent;
(ii) The assertions in Lemma 2 remain true for every nonumbilical normal direction
(x, ξ) ∈ UNn+p−1f at every point x ∈ Mn such that R⊥ (x) 6= 0 in the weakly
2-umbilical case, in particular, n = 2m is even if f has nonflat normal bundle
somewhere.
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2.2. Lie sphere geometry and Dupin submanifolds. Lie [36] introduced the
geometry of oriented spheres in his dissertation, published as a paper in Mathe-
matische Annalen in 1872. Sphere geometry was also prominent in his study of
contact transformations (Lie-Scheffers [37]) and in Volume III of Blaschke’s book
on differential geometry published in 1929.
Lie sphere geometry has become a valuable tool in the study of Dupin subman-
ifolds, beginning with Pinkall’s [38] dissertation in 1981. In this subsection, we
will present a series of results that will illustrate this value. The first result is an
important characterization of the Lie sphere group in terms of Mo¨bius and parallel
transformations due to Cecil and Chern [33]. The next couple of results provide
the basic link between Dupin submanifolds as defined in the introduction of this
article and those in the context of Legendre submanifolds by means of the so-called
Legendre lifts. This connection will allow us to deduce several properties of our
Dupin submanifolds out of the ones satisfied by their Legendre lifts. It will fol-
low, for example, that the only principal curvatures which must be considered in
checking the Dupin property are those of multiplicity one, and also that our class
of Dupin submanifolds is preserved by conformal transformations of and between
ambient space forms.
Finally, we will discuss the classification of proper Dupin submanifolds with three
curvature spheres by Cecil and Jensen [32]. A crucial assumption in their result is
the irreducibility of the Dupin submanifold in the sense of Pinkall [21]. In the next
section, we will manage to prove that the Legendre lifts arising from our Dupin
submanifolds always satisfy such condition, and for this purpose stating Pinkall’s
[38] simple Lie sphere geometric criterion for reducibility will come in handy.
Before and during our presentation of the above results, we will be briefly re-
viewing some important concepts from Lie sphere geometry as we need them. A
detailed account on the subject can be found in [39].
Start with the real vector space Rd+32 endowed with the inner product of signature
(−1, 1, . . . , 1,−1) and define an equivalence relation on Rd+32 −{0} by setting x ≃ y if
x = ty for some nonzero real number t. We denote the equivalence class determined
by a vector x by [x]. Projective space Pd+2 is the set of such equivalence classes,
and it can naturally be identified with the space of all lines through the origin in
Rd+32 . Let Q
d+1 be the quadric in Pd+2 given in homogeneous coordinates by the
equation
(2.3) 〈x, x〉 = −x21 + x22 + · · ·+ x2d+2 − x2d+3 = 0.
The manifold Qd+1 is called the Lie quadric, and the scalar product determined by
the quadratic form in (2.3) is called the Lie metric or Lie scalar product. We will let
{e1, . . . , ed+3} denote the standard orthonormal basis for Rd+32 . It turns out that
points on Qd+1 correspond to the set of oriented hyperspheres and point spheres
(hyperspheres with radius 0) in Sdc , or in general to the set of oriented extrinsic
hyperspheres and point spheres in Qdc ∪ {∞} for the Euclidean or a hyperbolic
space form Qdc , c ≤ 0, where the improper point ∞ is identified with the pole σ of
the stereographic projection pic given in equation (1.5). Actually, from the point
of view of Klein’s Erlangen Program, all three spherical, Euclidean and hyperbolic
geometries are subgeometries of Lie sphere geometry (see [39] for the details). On
the other hand, in some ways it is simpler to use the sphere Sd rather than Rd or
Hd as the base space for the study of Mo¨bius or Lie sphere geometry, since this
avoids the use of stereographic projection and the need to refer to an improper
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point or to distinguish between spheres, planes and horospheres. Indeed, the above
correspondence between points in Qd+1 and oriented spheres in the base space is
much simpler in Sd than in Rd and Hd. It is given simply by
(2.4) S (x, r)↔ [(cos r, x, sin r)] ,
where S (x, r) denotes the sphere in Sd with center x and signed radius r. In
particular, the point sphere x = S (x, 0) in Sd corresponds to the point [(1, x, 0)] in
Qd+1. It is an important fact that the Lie quadric contains projective lines but no
linear subspaces of higher dimension.
The set of oriented spheres in Sd corresponding to the points on a line on Qd+1
forms a so-called parabolic pencil of spheres. Each parabolic pencil contains exactly
one point sphere k1 and one great sphere k2. The pencil consists of all oriented
hyperspheres in oriented contact with k1 and k2.
A Lie sphere transformation is a projective transformation of Pd+2 which takes
Qd+1 to itself. In terms of the geometry of Sd, a Lie sphere transformation maps Lie
spheres to Lie spheres. (Here the term “Lie sphere” includes oriented spheres and
point spheres.) Furthermore, since it is projective, a Lie sphere transformation maps
lines on Qd+1 to lines on Qd+1. Thus, it preserves oriented contact of spheres in
Sd. The group G of Lie sphere transformations is isomorphic to O (d+ 1, 2) / {±I},
where O (d+ 1, 2) is the group of orthogonal transformations of Rd+32 . Pinkall’s
[40]-[41] so-called “fundamental theorem of Lie sphere geometry” states that any
line preserving diffeomorphism of Qd+1 is the restriction to Qd+1 of a projective
transformation, that is, a transformation of the space of oriented spheres which
preserves oriented contact must be a Lie sphere transformation.
Recall that a linear transformation L ∈ GL (d+ 1) induces a projective trans-
formation P (L) on Pd defined by P (L) [x] = [Lx]. The map P is a homomorphism
of GL (d+ 1) onto the group PGL (d) of projective transformations of Pd. It is
well known (see, for example, Samuel [42]) that the kernel of P is the group of all
nonzero scalar multiples of the identity transformation I. A Mo¨bius transformation
is a transformation on the space of unoriented spheres, i.e., the space of projective
classes of spacelike vectors in Rd+21 . Such a transformation also takes lightlike vec-
tors to lightlike vectors, and so it induces a conformal diffeomorphism of the sphere
Sd (regarded as the Mo¨bius quadric in Pd+1) onto itself.
It is well known that the group of conformal diffeomorphisms of the sphere is
precisely the Mo¨bius group. Now, each Mo¨bius transformation naturally induces
two Lie sphere transformations on the space Qd+1 of oriented spheres. Specifically,
if L is in O (d+ 1, 1), then we can extend L to a transformation L¯ in O (d+ 1, 2)
by setting L¯ = L on Rd+21 and L¯ (ed+3) = ±ed+3, where the sign determines the
orientation of every oriented sphere. Thus, the group of Lie transformations induced
from Mo¨bius transformations consists of those Lie transformations that map [ed+3]
to itself. Since such a transformation must also take e⊥d+3 to itself, this is precisely
the group of Lie transformations which take point spheres to point spheres.
When working in the context of Lie sphere geometry, it is a common abuse of
language to refer to these transformations also as “Mo¨bius transformations”. Be-
sides Mo¨bius transformations, an important family of Lie transformations is given
by the so-called parallel transformations Pt, which add t to the signed radius of
each sphere while keeping the center fixed. For each of the spherical, Euclidean
and hyperbolic geometries, there is a corresponding one-parameter family of par-
allel transformations. Spherical parallel transformation Pt is accomplished by the
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following transformation in O (d+ 1, 2):
(2.5)
Pte1 = cos t e1 + sin t ed+3,
Pted+3 = − sin t e1 + cos t ed+3,
Ptei = ei, 2 ≤ i ≤ d+ 2.
On the other hand, Euclidean parallel transformation Pt is accomplished in terms
of matrix representation with respect to the standard orthonormal basis by
(2.6) Pt =


1− (t2/2) −t2/2 0 −t
t2/2 1 +
(
t2/2
)
0 t
0 0 I 0
t t 0 1

 .
Lastly, hyperbolic parallel transformation is accomplished by the following transfor-
mation:
(2.7)
Ptei = ei, i = 1, 3, . . . , d+ 2,
Pte2 = cosh t e2 + sinh t ed+3,
Pted+3 = sinh t e2 + cosh t ed+3.
The following theorem demonstrates the important role played by parallel trans-
formations in generating the Lie sphere group (see Cecil-Chern [33]).
Theorem 6 (Cecil-Chern [33]). Any Lie sphere transformation γ can be written
as
γ = Φ1PtΦ2,
where Φ1 and Φ2 are Mo¨bius transformations and Pt is some Euclidean, spherical
or hyperbolic parallel transformation.
Let us now develop the framework necessary to study submanifolds within the
context of Lie sphere geometry. The manifold Λ2d−1 of projective lines on the Lie
quadric Qd+1 can be identified with the tangent bundle T1S
d of Sd and thus borrows
from the latter a contact structure, i.e., a globally defined 1-form ω such that ω ∧
(dω)d−1 6= 0 on Λ2d−1. This gives rise to a codimension one distribution D on Λ2d−1
that has integral submanifolds of dimension d − 1, but none of higher dimension.
These integral submanifolds are called Legendre submanifolds. Any submanifold of
a real space-form Sd, Rd or Hd naturally induces a Legendre submanifold, and thus
Lie sphere geometry can be used to analyze submanifolds in these spaces. This has
been particularly effective in the classification of Dupin submanifolds.
To see how a submanifold in a space form gives rise to a Legendre submanifold,
first suppose that f : Mn → Sn+1 is an immersed oriented hypersurface with field
of unit normals ξ : Mn → Sn+1. The induced Legendre submanifold is then given
by the map λ :Mn → Λ2n+1 defined by
λ (x) = [Y1 (x) , Yn+4 (x)] ,
where
Y1 (x) = (1, f (x) , 0) , Yn+4 (x) = (0, ξ (x) , 1) .
The map λ is called the Legendre lift of the immersion f with field of unit normals
ξ. Next, we handle the case of a submanifold f : Mn → Sn+p of codimension p
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greater than one. The Legendre lift of f is the map λ : UNn+p−1f → Λ2(n+p)−1
defined by
λ (x, ξ) = [Y1 (x) , Yn+p+3 (x, ξ)] ,
where
(2.8) Y1 (x) = (1, f (x) , 0) , Yn+p+3 (x, ξ) = (0, ξ, 1) .
Geometrically, λ (x, ξ) is the line on the quadric Qn+p+1 corresponding to the
parabolic pencil of spheres in Sn+p in oriented contact at the contact element
(f (x) , ξ) ∈ T1Sn+p. The situation for submanifolds of Rn+p or Hn+p is similar
and we shall not treat it here (cf. Cecil [39]). Now suppose that λ : Nd−1 → Λ2d−1
is an arbitrary Legendre submanifold. Then, it is always possible to parametrize λ
by the point sphere map [Y1] and the great sphere map [Yd+3] given by
(2.9) Y1 = (1, f, 0) , Yd+3 = (0, ξ, 1) .
This defines two maps f and ξ from Nd−1 to Sd, which we call the spherical pro-
jection and spherical field of unit normals, respectively. Both f and ξ are smooth
maps, but neither need to be an immersion or even have constant rank. The
Legendre submanifold induced by an oriented hypersurface in Sd is the special
case where the spherical projection f is an immersion, i.e., f has constant rank
d − 1 on Nd−1. In the case of the Legendre submanifold induced by a subman-
ifold f : Mn → Sn+p, the spherical projection f : UNn+p−1f → Sn+p given by
f (x, ξ) = f (x) is a submersion onto the image of f , i.e., it has constant rank n.
The notions of projection and field of unit normals also have their Euclidean and
hyperbolic versions.
Remark 11. The jump from 1 to d+ 3, d = n+ p, in the indices of the two Yi’s
defining the Legendre lift may seem a bit messy, but the notation is traditional from
the method of moving frames in the context of Lie sphere geometry, where Y1 and
Yd+3 are just the first and last vectors of an ordered set called a Lie frame (refer to
Cecil-Chern [33]).
We now discuss the definition of a curvature sphere of an isometric immersion
f :Mn → Qn+pc , which is closely related to focal points of f , that is, singular points
of the tube ft : UN
n+p−1
f → Qn+pc of radius t around f given by
ft (x, ξ) = cos
(√
ct
)
f (x) +
sin (
√
ct)√
c
ξ, if c > 0,
ft (x, ξ) = f (x) + tξ, if c = 0,
ft (x, ξ) = cosh
(√−ct) f (x) + sinh
(√−ct)√−c ξ, if c < 0.
Note that if f : Mn → Qn+1c is an oriented hypersurface with unit normal vector
field ξ, then UNnf = {(x, ξ (x)) : x ∈Mn} and the above tube is essentially the
parallel hypersurface ft :M
n → Qn+1c of f at distance t defined by
ft (x) = cos
(√
ct
)
f (x) +
sin (
√
ct)√
c
ξ (x) , if c > 0,
ft (x) = f (x) + tξ (x) , if c = 0,
ft (x) = cosh
(√−ct) f (x) + sinh
(√−ct)√−c ξ (x) , if c < 0.
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For simplicity we assume c = 1, so
(2.10) ft (x, ξ) = cos t f (x) + sin t ξ.
Geometrically, one thinks of focal points as points where nearby normal geodesics
intersect. It is well known that the location of focal points is related to the principal
curvatures. Specifically, if (X,−f∗AξX + η) ∈ T(x,ξ)UNf , then we have
ft∗ (X,−f∗AξX + η) = cos t f∗X + sin t (−f∗AξX + η)
= f∗ (cos tX − sin t AξX) + sin t η.
Thus, ft∗ (X,−f∗AξX + η) = 0 for (X,−f∗AξX + η) 6= 0 if and only if either
p ≥ 2, t = kpi, k ∈ Z, and X = 0 or t 6= kpi, k ∈ Z, η = 0, cot t is a prin-
cipal curvature of f at (x, ξ) and X is a corresponding principal vector. Hence,
fkpi (x, ξ) = (−1)k f (x) , k ∈ Z, is a focal point of f at (x, ξ) of multiplicity p − 1
if p ≥ 2 and y = ft (x, ξ) is a focal point of f at (x, ξ) of multiplicity m if and only
if cot t is a principal curvature of multiplicity m at (x, ξ). If p ≥ 2, it is conve-
nient to introduce an extra principal curvature κ = cot 0 =∞ of multiplicity p− 1
associated to the focal points ±f (x). Then each principal curvature
κ = cot t, 0 ≤ t < pi,
produces two distinct antipodal focal points on the normal geodesic with parameter
values t and t+ pi. The oriented hypersphere centered at a focal point y = ft (x, ξ)
and in oriented contact with f (M) at (f (x) , ξ) is called a curvature sphere of f
at (x, ξ). The two antipodal focal points determined by κ are the two centers of
the corresponding curvature sphere. Thus, the correspondence between principal
curvatures and curvature spheres is bijective.
The multiplicity of the curvature sphere is by definition equal to the multiplic-
ity of the corresponding principal curvature. The principal space corresponding
to the curvature sphere is by definition equal to the horizontal lift of the prin-
cipal space of the corresponding principal curvature κ = cot t for 0 < t < pi or
{(0, η) : η ∈ NfM (x) , η · ξ = 0} for t = 0. We now consider these ideas as they ap-
ply to the Legendre lift of the isometric immersion f :Mn → Sn+p. As in equation
(2.8), we have λ = [Y1, Yn+p+3], where
Y1 = (1, f, 0) , Yn+p+3 = (0, ξ, 1) .
For each (x, ξ) ∈ UNn+p−1f , the points on the line λ (x, ξ) can be parametrized as
[Kt (x, ξ)] = [cos t Y1 (x) + sin t Yn+p+3 (x, ξ)] = [(cos t, ft (x, ξ) , sin t)] ,
where ft is given in equation (2.10). By equation (2.4), the point [Kt (x, ξ)] in
Qn+p+1 corresponds to the oriented sphere in Sn+p with center ft (x, ξ) and signed
radius t. This sphere is in oriented contact with the submanifold f (M) at (f (x) , ξ).
Given a tangent vector (X,−f∗AξX + η) ∈ T(x,ξ)UNf , we have
Kt∗ (X,−f∗AξX + η) = (0, ft∗ (X,−f∗AξX + η) , 0) .
Thus, Kt∗ (X,−f∗AξX + η) = (0, 0, 0) if and only if ft∗ (X,−f∗AξX + η) = 0, i.e.,
y = ft (x, ξ) is a focal point of f at (x, ξ). Hence, we have that the point [Kt (x, ξ)]
in Qn+p+1 corresponds to a curvature sphere of the isometric immersion f at (x, ξ)
if and only if
(2.11) Kt∗ (X,−f∗AξX + η) = (0, 0, 0)
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for some nonzero vector (X,−f∗AξX + η) ∈ T(x,ξ)UNf . This viewpoint allows us
to extend the definition of curvature spheres and k-umbilicality to an arbitrary
Legendre submanifold in the obvious way.
Remark 12. Note that if we use a different parametrization[
K˜t (x, ξ)
]
= [ρ (x, ξ)Kt (x, ξ)]
of [Kt (x, ξ)], then condition (2.11) for K˜t is that K˜t∗ (X,−f∗AξX + η) is collinear
with K˜t.
One can show that the notion of curvature sphere is invariant under Lie sphere
transformations. Let λ : Nd−1 → Λ2d−1 be a Legendre submanifold parametrized
by λ = [Z1, Zd+3]. Suppose γ = P (L) is the Lie sphere transformation induced by
an orthogonal transformation L in the groupO (d+ 1, 2). Since L is orthogonal, it is
easy to check that the map defined by [LZ1, LZd+3] is also a Legendre submanifold,
which we will denote by γλ : Nd−1 → Λ2d−1. The Legendre submanifolds λ and
γλ are said to be Lie equivalent. In terms of space form geometry, suppose that
f : Mn → Qn+pc and g : Mn → Qn+pc are two isometric immersions. We say that
f and g are Lie equivalent if their Legendre lifts are Lie equivalent. It is easy
to see that, for λ and γ as above, the point [K] on the line λ (x) is a curvature
sphere of λ at x if and only if the point γ [K] is a curvature sphere of the Legendre
submanifold γλ at x. Furthermore, the principal spaces corresponding to [K] and
γ [K] are identical. By Theorem 6, two important special cases are when the Lie
sphere transformation γ is a Mo¨bius or a parallel transformation. In the first case,
suppose that γ = Φ is induced by a conformal diffeomorphism φ : Q¯n+pc → Q¯n+pc˜ ,
where
Q¯n+pc =
{
Sn+pc − {σ} , if c > 0,
Qn+pc , if c ≤ 0.
If f : Mn → Q¯n+pc is an isometric immersion and f˜ = φ ◦ f : Mn → Q¯n+pc˜ , then
the Legendre lifts λ : UNn+p−1f → Λ2(n+p)−1 of f and λ˜ : UNn+p−1f˜ → Λ2(n+p)−1
of f˜ are Mo¨bius conjugated in the sense that
λ˜ = Φλφ¯−1,
where φ¯ : UNn+p−1f → UNn+p−1f˜ is the unit normal bundle isometry induced by
φ. In the second case, suppose for simplicity that γ = Pt is the spherical parallel
transformation given in equation (2.5). Recall that Pt has the effect of adding t to
the signed radius of each sphere in Sd while keeping the center fixed. Suppose that
λ : Nd−1 → Λ2d−1 is a Legendre submanifold parametrized by the point sphere and
great sphere maps {Y1, Yd+3}, as in equation (2.9). Then Ptλ = [W1,Wd+3], where
W1 = PtY1 = (cos t, f, sin t) , Wd+3 = PtYd+3 = (− sin t, ξ, cos t) .
Note that W1 and Wd+3 are not the point sphere and great sphere maps for Ptλ.
Solving for the point sphere map Z1 and the great sphere map Zd+3 of Ptλ, we find
Z1 = cos tW1 − sin tWd+3 = (1, cos t f − sin t ξ, 0) ,
Zd+3 = sin tW1 + cos tWd+3 = (0, sin t f + cos t ξ, 1) .
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From this, we see that Ptλ has spherical projection and spherical unit normal field
given, respectively, by
(2.12)
f−t = cos t f − sin t ξ = cos (−t) f + sin (−t) ξ,
ξ−t = sin t f + cos t ξ = − sin (−t) f + cos (−t) ξ.
The minus sign occurs because Pt takes a sphere with center f−t (x) and radius −t
to the point sphere f−t (x). We call Ptλ a parallel submanifold of λ. Formula (2.12)
shows the close correspondence between these parallel submanifolds and the parallel
hypersurfaces to or the tubes ft around f , in the case where f :M
n → Sn+p is an
isometric immersion with p = 1 or p ≥ 2, respectively. The spherical projection ft
has singularities at the focal points of f , but the parallel submanifold Ptλ is still a
smooth submanifold of Λ2d−1.
An important theorem, due to Pinkall [21], shows that the number of these
singularities is bounded for each x ∈ Md−1, which allows us to obtain several
consequences by passing to a parallel submanifold, if necessary, and then applying
well-known results concerning immersed hypersurfaces in Sd. Among them are the
important facts that if the dimensionm of the principal space T of a given curvature
sphere K is constant on an open subset U of Md−1, then the principal distribution
T is integrable on U , and if m > 1, then the curvature sphere map K is constant
along the leaves of the principal foliation T .
A connected submanifold S of Md−1 is called a curvature submanifold if at each
x ∈ S, the tangent space TxS is equal to some principal space T . For example,
if dimT is constant on an open subset U of Md−1, then each leaf of the principal
foliation T is a curvature submanifold on U . Curvature submanifolds are plentiful,
since the results of Reckziegel [19] and Singley [43] imply that there is an open dense
subset Ω of Md−1 on which the multiplicities of the curvature spheres are locally
constant. On Ω, each leaf of each principal foliation is a curvature submanifold.
On the other hand, it is also possible to have a curvature submanifold S which
is not a leaf of a principal foliation, because the multiplicity of the corresponding
curvature sphere is not constant on a neighborhood of S. The fact that curvature
spheres of multiplicity m ≥ 2 are constant along the leaves of their corresponding
principal foliations can be generalized to the fact that curvature spheres are always
constant along corresponding curvature submanifolds of dimension m ≥ 2. The
proof is obtained by invoking a theorem of Ryan [5].
The notion of Dupin submanifold is generalized to the context of Lie sphere geom-
etry by calling a Legendre submanifold Dupin if along each curvature submanifold,
the corresponding curvature sphere is constant [39]. A Dupin submanifold,
λ :Md−1 → Λ2d−1,
is said to be proper Dupin if the number k of distinct curvature spheres is constant
on Md−1. In this case, we also refer to λ as a k-Dupin submanifold. Of course,
Legendre lifts of Dupin hypersurfaces in Sn+1 are Dupin in the sense defined here.
Indeed, we have the following basic link between the two definitions.
Theorem 7 (Cecil [39]). Let f : Mn → Sn+1 be a hypersurface and λ : Mn →
Λ2n+1 its Legendre lift. Let Y1 and Yn+4 be the point sphere and great sphere maps
of λ, respectively. Then the curvature spheres of λ at a point x ∈Mn are
[Ki] = [κiY1 + Yn+4] , 1 ≤ i ≤ k,
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where κ1, . . . , κk are the distinct principal curvatures at x of f . The principal
space of λ corresponding to the curvature sphere [Ki] equals the principal space of
f corresponding to the principal curvature κi. In particular, the multiplicity of [Ki]
equals the multiplicity of κi. Moreover, [Ki] is Dupin if and only if κi is Dupin.
Proof. This follows immediately from the fact that the point
[K] = [κY1 + Yn+4]
is a curvature sphere of λ at x with corresponding principal vector X ∈ TxM if and
only if
κY1∗X + Yn+4∗X = κ (0, f∗X, 0) + (0,−f∗AX, 0)
= (0,−f∗ (AX − κX) , 0) = 0,
in which case
K∗X = κ∗X Y1 + κY1∗X + Yn+4∗X = κ∗XY1
is collinear with K if and only if κ∗X = 0, as desired. 
Pinkall’s [20] definition of Dupin submanifolds in higher codimension can also
be expressed in terms of their Legendre lifts.
Theorem 8 (Cecil [39]). Let f : Mn → Sn+p, p ≥ 2, be an isometric immersion
and λ : UNn+p−1f → Λ2(n+p)−1 its Legendre lift. Let Y1 and Yn+p+3 be the point
sphere and great sphere maps of λ, respectively. Then the curvature spheres of λ at
a point (x, ξ) ∈ UNn+p−1f are
(2.13) [Ki] = [κiY1 + Yn+p+3] , 1 ≤ i ≤ k + 1,
where κ1, . . . , κk are the distinct principal curvatures at (x, ξ) of f and κk+1 =∞.
For 1 ≤ i ≤ k, the principal space of λ corresponding to the curvature sphere [Ki]
is given by
Ti = {(X,−f∗AξX) : X ∈ Ei} ,
where Ei is the principal space of f corresponding to the principal curvature κi,
while the principal space corresponding to [Kk+1] is
(2.14) Tk+1 (x, ξ) = {(0, η) : η ∈ NfM (x) , η · ξ = 0} .
In particular, the multiplicity of [Ki] equals the multiplicity of κi for 1 ≤ i ≤ k,
while the multiplicity of [Kk+1] is p− 1. Moreover, for 1 ≤ i ≤ k, [Ki] is Dupin if
and only if κi is Dupin, while [Kk+1] is always Dupin.
Proof. Note that
[Kk+1] = [∞Y1 + Yn+p+3] = [Y1]
is simply the point sphere map of λ, which is clearly a curvature sphere with
corresponding principal space Tk+1 given by (2.14) and multiplicity p − 1, since
p ≥ 2. Moreover, [Kk+1] is obviously constant along Tk+1 and is thus Dupin. On
the other hand, as in the case of hypersurfaces we have that the point
[K] = [κY1 + Yn+p+1] , κ 6=∞,
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is a curvature sphere of λ at (x, ξ) with corresponding principal vector (X,−f∗AξX + η) ∈
T(x,ξ)UNf if and only if(
κY1∗ + Yn+p+1∗
)
(X,−f∗AξX + η) = κ (0, f∗X, 0) + (0,−f∗AξX + η, 0)
= (0,−f∗ (AX − κX) + η, 0) = 0,
which implies that η = 0 and that κ is a principal curvature of f with corresponding
principal vector X , as we wished. Furthermore, we now have that
K∗ (X,−f∗AξX) = κ∗ (X,−f∗AξX)Y1 +
(
κY1∗ + Yn+p+1∗
)
(X,−f∗AξX)
= κ∗ (X,−f∗AξX)Y1,
which again is collinear with K if and only if κ∗ (X,−f∗AξX) = 0. 
As an immediate consequence of the above two results, we get a bijective cor-
respondence between k-Dupin submanifolds of codimension p ≥ 2 (respectively,
k-Dupin hypersurfaces) in space forms and (k + 1)-Dupin (respectively, k-Dupin)
Legendre lifts.
Corollary 1. Let f : Mn → Qn+pc be an isometric immersion and λ its Legendre
lift. If p ≥ 2 (respectively, p = 1), then f is k-umbilical if and only if λ is (k + 1)-
umbilical (respectively, k-umbilical). Furthermore, f is k-Dupin if and only if λ is
(k + 1)-Dupin (respectively, k-Dupin).
Another interesting application of Theorems 7 and 8 is the invariance of k-Dupin
submanifolds under conformal transformations of and between ambient space forms.
Corollary 2. Let f : Mn → Q¯n+pc be a k-umbilical isometric immersion and
let φ : Q¯n+pc → Q¯n+pc˜ be a conformal diffeomorphism. Then, the composition
f˜ = φ ◦ f :Mn → Q¯n+pc˜ is also k-umbilical. Moreover, if f is k-Dupin, so is f˜ .
Proof. Since the Legendre lifts of f and f˜ are Mo¨bius conjugated by φ, this follows
immediately from the preceding corollary together with the fact that Lie sphere
transformations map curvature spheres to curvature spheres and also preserve the
Dupin condition. 
We close this subsection with a quick review of the theory Dupin submanifolds
in the context of Lie sphere geometry. Pinkall [21] introduced three construc-
tions for obtaining a Dupin hypersurface in Rn+m from a Dupin hypersurface in
Rn+1, namely, tubes, cylinders and submanifolds of revolution, which give birth
to a (k + 1)-Dupin hypersurface out of a lower-dimensional k-Dupin hypersurface.
These standard constructions can also be formulated in the context of Legendre
submanifolds and apply even to Legendre lifts of submanifolds of higher codimen-
sion, although in this case the number of distinct curvature spheres remains the
same.
Remark 13. When Pinkall introduced his constructions, he also listed cones, which
turn out to be locally Lie equivalent to tubes.
A Dupin submanifold obtained from a lower-dimensional Dupin submanifold via
one of Pinkall’s standard constructions is said to be reducible. More generally, a
Dupin submanifold which is locally Lie equivalent to such a Dupin submanifold is
called reducible. Pinkall [21] formulated the following simple Lie sphere geometric
criterion for reducibility.
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Theorem 9 (Pinkall [21]). A connected proper Dupin submanifold λ : Nd−1 →
Λ2d−1 is reducible if and only if there exists a curvature sphere [K] of λ that lies in
a linear subspace of Pd+2 of codimension at least two.
Remark 14. In [22], Dajczer, Florit and Tojeiro studied reducibility in the context
of Riemannian geometry. They formulated a concept of weak reducibility for proper
Dupin submanifolds that have a flat normal bundle, including proper Dupin hyper-
surfaces. For hypersurfaces, their definition can be formulated as follows. A proper
Dupin hypersurface f : Mn → Qn+1c is said to be weakly reducible if, for some
principal curvature κi with corresponding principal space Ei, the orthogonal com-
plement E⊥i is integrable. Dajczer, Florit and Tojeiro show that if a proper Dupin
hypersurface f : Mn → Qn+1c is Lie equivalent to a (k + 1)-Dupin hypersurface
that is obtained via one of the standard constructions from a k-Dupin hypersur-
face, then f is weakly reducible. Thus, reducible implies weakly reducible for such
hypersurfaces.
However, one can show that the open subset U of a tube over the Veronese surface
regarded in S5 (rather than in S4) on which there are three principal curvatures at
each point is reducible but not weakly reducible, because none of the orthogonal
complements of the principal spaces is integrable. Of course, U is not constructed
from a 2-Dupin submanifold, but rather one 3-Dupin.
A proper Dupin hypersurface with two distinct curvature spheres of respective
multiplicities p ad q is called a cyclide of Dupin of characteristic (p, q). These are the
simplest Dupin submanifolds after the spheres, and they were first studied in R3 by
Dupin [44] in 1822. An example of a cyclide of Dupin of characteristic (1, 1) in R3 is
a torus of revolution. The cyclides were studied by many prominent mathematicians
in the nineteenth century, including Liouville [45], Cayley [46], and Maxwell [47],
whose paper contains stereoscopic figures of the various types of cyclides. The
long history of the classical cyclides of Dupin is given in Lilienthal [48]. (See also
Banchoff [49], Cecil [50], Klein [51], Darboux [52]-[53], Blaschke [54], Eisenhart [55],
Hilbert and Cohn-Vossen [56], Fladt and Baur [57], and Cecil and Ryan [58], [59],
for more on the classical cyclides.) For a consideration of the cyclides in the context
of computer graphics, see Degen [60], Pratt [61]-[62], Srinivas and Dutta [63]-[64]-
[65]-[66], and Schrott and Odehnal [67]. For cyclides of Dupin in R3, it was known
in the nineteenth century that every connected Dupin cyclide is Mo¨bius equivalent
to an open subset of a surface of revolution obtained by revolving a profile circle
S1 ⊂ R2 about an axis R1 ⊂ R2 ⊂ R3. The profile circle is allowed to intersect
the axis, thereby introducing Euclidean singularities. However, the corresponding
Legendre map into the space of contact elements in R3 is an immersion. Higher-
dimensional cyclides of Dupin appeared in the study of isoparametric hypersurfaces
in spheres. Cartan knew that an isoparametric hypersurface in a sphere with two
curvature spheres must be a standard product of spheres,
Sdc1 × Sn−dc2 ⊂ Sn+1 ⊂ Rd+1 × Rn−d+1 = Rn+2, c−11 + c−12 = 1.
Cecil and Ryan [68] showed that a compact cyclide of Dupin Mn embedded in
Sn+1 must be Mo¨bius equivalent to a standard product of spheres. The proof,
however, uses the compactness of Mn in an essential way. Later, Pinkall [21] used
Lie sphere geometric techniques to show that any two cyclides of Dupin of the
same characteristic are locally Lie equivalent, which leads to a local classification
of the higher-dimensional cyclides of Dupin that is analogous to the classical result,
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namely, every cyclide of Dupin is locally conformally congruent to a rotational
hypersurface with a sphere as profile.
Remark 15. The latter result also follows easily from the Moore-type decomposition
theorem for conformal immersions of a warped product of Riemannian manifolds
due to Tojeiro [69].
The case of 3-Dupin hypersurfaces was studied in the paper of Cecil and Jensen
[32]. Their result can be stated as follows, where the case d = 4 is credited to
Pinkall [31].
Theorem 10 (Pinkall [31], Cecil-Jensen [32]). Let λ : Nd−1 → Λ2d−1, d ≥ 4,
be a connected irreducible 3-Dupin submanifold. Then d = 3 · 2µ−1 + 1, where
µ = 1, 2, 3, 4, each principal curvature has the same multiplicity 2µ−1 and λ is Lie
equivalent to the Legendre lift of a 3-isoparametric hypersurface in S3·2
µ−1+1.
Remark 16. In [23], Cartan showed that a 3-isoparametric hypersurface in the
sphere is always a tube ψFt : UN
3·2µ−1
ψF
→ S3·2µ−1+1 over a standard embedding
ψF : FP
2 → S3·2µ−1+1 of one of the projective planes FP2, for F = R,C,H,O
and µ = 1, 2, 3, 4, respectively. Since ψFt is exactly the spherical projection of the
parallel submanifold P−tλ of the Legendre lift λ : UN
3·2µ−1
ψF
→ Λ3·2µ+1 of ψF, we
have that P−tλ is the actual Legendre lift of ψFt. In other words, Legendre lifts of
3-isoparametric hypersurfaces and those of their corresponding standard embeddings
of the projective planes are parallel, and in particular Lie equivalent.
2.3. Generalized cylinders and envelopes of hyperspheres. This subsection
is devoted to discussing the concepts of generalized cylinders and envelopes of hy-
perspheres.
Let g : Lk → Qn+pc be an isometric immersion with a parallel flat normal sub-
bundle V of rank n − k. The generalized (n− k)-cylinder over g determined by V
is the n-dimensional submanifold parametrized by means of the exponential map
of Qn+pc as
γ ∈ V 7→ expcg(pi(γ)) (γ) ,
where pi : V → Lk is the projection. It was shown by Dajczer-Florit-Tojeiro [22]
that generalized cylinders are the only submanifolds that carry a relative nullity
distribution with integrable conullity.
Let f : Mn → Qn+1c be a connected orientable hypersurface, we denote by η
the unit normal to f which gives the orientation of Mn. Following Asperti-Dajczer
[22], f is said to be a k-parameter envelope of hyperspheres (briefly, k-PES) if it
carries a nonzero Dupin principal curvature κ of multiplicity n − k. Actually, in
[22] the authors restrict themselves to the case k ≥ 2, in which the Dupin condition
is automatically satisfied. Classically, a Euclidean k-PES is locally a solution
f = f (u1, . . . , uk, t1, . . . , tn−k)
in Rn+1 of the system below:
(2.15)
(a) ‖f − g‖2 = r2,
(b)
〈
f − g, ∂g
∂ui
〉
= −r ∂r
∂ui
, i = 1, . . . , k,
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where g : Lk → Rn+1 is an isometric immersion, g = g (u1, . . . , uk), and r ∈ C∞ (L)
is a non-vanishing function. Geometrically it means that f is the envelope of the
k-parameter family of hyperspheres given by (a): the limit of the intersection of
neighboring hyperspheres that approach each other are (n− k)-spheres that gener-
ate the envelope.
Let g and r be as above and let t1, . . . , tn−k be parameters of the unit (n− k)-
sphere centered at the origin of a Euclidean (n− k + 1)-space. Set
(2.16) f (u1, . . . , uk, t1, . . . , tn−k) = g − r∇r − r
√
1− |∇r|2ϕ (t1, . . . , tn−k) ,
where ∇r is the gradient of r and the vector ϕ has origin at the point γ = g− r∇r
and describes a unit sphere in the affine (n− k + 1)-plane through γ orthogonal
to g. It was shown by Asperti-Dajczer [34] that the hypersurface given by (2.16)
satisfies the system (2.15) and is (away from singular points) a k-PES. Conversely,
every Euclidean k-PES satisfies system (2.15) and is locally of the form (2.16), for
r = 1/κ. Although their proof is carried out in Euclidean space, it can be easily
adapted in nonflat space forms in order to get a similar parametrization of k-PES
also in these ambient spaces.
Envelopes of hyperspheres have the following natural generalization in higher
codimension. For simplicity, we discuss just the Euclidean case, the others being
analogous. Given smooth maps g : Mn → Rn+p and r ∈ C∞ (M), the family of
hyperspheres
y ∈Mn 7→ S (g (y) ; r (y))
centered at g (y) ∈ Rn+p with radius r (y) is said to be a congruence of hyperspheres.
It is said to be a k-parameter congruence of hyperspheres if g has rank k everywhere
and ker g∗ (y) ⊂ ker r∗ (y) for all y ∈Mn. An immersion f :Mn → Rn+p is said to
envelope the congruence of hyperspheres along Mn determined by g :Mn → Rn+p
and r ∈ C∞ (M) if
f∗TyM ⊂ Tf(y)S (g (y) ; r (y))
for all y ∈Mn.
A principal normal vector field η is said to be Dupin if η is parallel in the
normal connection along Eη. One can prove that if f :M
n → Rn+p is an isometric
immersion that carries a Dupin principal normal vector field η of multiplicity n− k
then its focal submanifold
(2.17) g = f +
1
‖η‖2 η
and its curvature radius r = ‖η‖−1 determine an (n− k)-parameter congruence
of hyperspheres that is enveloped by f . Conversely, every isometric immersion
f : Mn → Rn+p that envelopes an (n− k)-parameter congruence of hyperspheres
alongMn determined by g :Mn → Rn+p and r ∈ C∞ (M) carries a Dupin principal
normal vector field
η =
1
r2
(g − f)
of multiplicity k.
Remark 17. Let f : Mn → Rn+1 be a k-PES. We say that f is a special k-
parameter envelope of hyperspheres (briefly, k-SPES) if its Dupin curvature of
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multiplicity n − k has integrable conullity. In [34, Theorem (1.7)], Asperti and
Dajczer stated the following result on k-SPES:
Let f :Mn → Rn+1 be a k-PES. Then f is a k-SPES if and only if g : Lk → Rn+1
has flat normal bundle and ∇r (x) ∈ ∆(x) for all x ∈ Lk, where r = 1/κ.
However, we point out that this result is not true. The counterexamples are the
compact embedded cyclides of Dupin f : Mn → Rn+1 of characteristic (p, q). In
this case f is both a p-SPES and a q-SPES. Since Mn is compact then also Lk is
compact and thus the relative nullity ∆ of the focal submanifold g is trivial because
g is real analytic (this is so because f is real analytic due to [68]). If the above
statement were true the second condition would imply that these cyclides of Dupin
are always isoparametric.
The mistake happens in the first step of their proof. The authors consider the
general parametrization for f given in equation (2.16). If in addition f is a k-SPES,
the authors claim that the local coordinates
(2.18) (u1, . . . , uk, t1, . . . , tn−k)
in parametrization (2.16) can be chosen such that (u1, . . . , uk) are coordinates for
the leaves of the Dupin conullity E⊥κ . Since Eκ and E
⊥
κ are integrable, there do exist
local coordinates (2.18) such that (t1, . . . , tn−k) and (u1, . . . , uk) are coordinates for
the leaves of Eκ and E
⊥
κ , respectively, but we cannot pick them without breaking
the independence of ϕ from the variables u1, . . . , uk. In other words, if the local
coordinates (2.18) are chosen as above, then parametrization (2.16) becomes
f (u1, . . . , uk, t1, . . . , tn−k) = g − r∇r − r
√
1− |∇r|2ϕ (u1, . . . , uk, t1, . . . , tn−k) .
3. Proofs
In this section we prove our four main results stated in the introduction of this
article. We start with the proof of Theorem 2, which is a simple application of
Cartan’s classification of 3-isoparametric hypersurfaces and the following result.
Theorem 11 (Heintze-Olmos-Thorbergsson [18]). A submanifold of a space form
has constant principal curvatures if and only if it is either isoparametric or a focal
manifold to an isoparametric submanifold.
For a discussion of focal manifolds of an isoparametric submanifold, its related
Coxeter group, etc., see [2].
Proof of Theorem 2. Since f has constant principal curvatures, as a consequence
of Theorem 11, f is either isoparametric or a focal manifold of an isoparametric
submanifold. If f is isoparametric, then it has flat normal bundle, which contra-
dicts the assumptions that f is 2-CPC and p ≥ 2. Thus, f is a focal submani-
fold of an isoparametric submanifold g : Nn+q → Qn+pc . Then from the proof of
Theorem 11 it follows that g is a holonomy tube fξx through a principal vector
ξx ∈ NfM (x). We claim that g is an isoparametric hypersurface of a geodesic
hypersphere. In fact, from [2] it is enough to show that the codimension of a
principal orbit Holx
(∇⊥) · ξx is one. Indeed, if it is greater than one, we will
obtain a contradiction. Note first that the Ricci equation implies [Aξ, Aη] = 0
for any two normal vectors ξ, η to a principal orbit of the action of the normal
holonomy group. So, we can perform a simultaneous diagonalization of the fam-
ily {Aξ : ξ ∈ the normal space to a principal orbit}. Then, given any two linearly
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independent normal vectors to a principal orbit, it is possible to find a nonzero um-
bilical linear combination of them, contradicting the assumption that f is 2-CPC.
Thus, g is an isoparametric hypersurface of a geodesic hypersphere and the
isometric immersion f is a focal submanifold of g, i.e., f = gξ/κ, where ξ is the unit
normal of g and κ a constant principal curvature of g. Since the shape operator Aξ
of f has two eigenspaces for any normal vector ξ then the “Tube formula” (see [2])
implies that the shape operator of g must have three principal curvatures.
So from a theorem of Elie Cartan [23] it follows that f must be one of the cited
embeddings (for a beautiful proof of this Cartan’s theorem see [27]).
Conversely, it is well known that the standard embeddings of the projective
planes are 2-CPC. 
We now go on to prove our main Theorem 3, for which we need three more
lemmas. The first one asserts that the Legendre lift of a 2-Dupin submanifold of
codimension greater than one is irreducible in the sense of Lie sphere geometry.
Lemma 3. Let f : M2m → S2m+p, p ≥ 2, be a connected 2-Dupin isometric
immersion. Then, its Legendre lift λ : UN2m+p−1f → Λ2(2m+p)−1 is an irreducible
3-Dupin submanifold with two principal curvatures of multiplicity m and the other
p− 1.
Proof. The fact that λ is 3-Dupin follows directly from Theorem 8. Moreover, the
infinite principal curvature κ3 has multiplicity p − 1 and the two others have the
same multiplicity m by Lemma 2.
It remains to be shown that λ is irreducible. Let [Ki] , 1 ≤ i ≤ 3, be the
curvature spheres of λ given by (2.13), with n = 2m. By Theorem 9 all there is
left to prove is that no [Ki] lies in a linear subspace of P
2m+p+2 of codimension
higher than one. For the point sphere map [K3], this follows easily from the fact
that f is conformally substantial. In fact, if [K3] lied in a P
2m+p, then there would
be a nonzero vector v = (v0, w, 0) ∈ R2m+p+32 other than (0, 0, 1) that would be
orthogonal to span {K3}, so that
f (x) · w = v0,
which is the equation of a hyperplane in R2m+p+1. Thus, f (M) would be contained
in a hypersphere S2m+p−1c , contradicting the fact that f is conformally substantial.
To rule out the other two cases, note that, by Lemma 2, κi (x,−ξ) = −κj (x, ξ) , 1 ≤
i 6= j ≤ 2, and thus
[Ki (x, ξ)] = [κiY1 (x, ξ) + Y2m+p+3 (x, ξ)] = [(κi, κif (x) + ξ, 1)] ,
[Ki (x,−ξ)] = [−κjY1 (x,−ξ) + Y2m+p+3 (x,−ξ)] = [(−κj,−κjf (x) − ξ, 1)] ,
with κi = κi (x, ξ) and similarly for κj . Adding these two equations, we get that
[Ki (x, ξ) +Ki (x,−ξ)] = [(κi − κj , (κi − κj) f (x) , 2)]
=
[(
κ1 − κ2, (κ1 − κ2) f (x) , (−1)i+1 2
)]
∈ span {Kti} ,
for all x ∈M2m, 1 ≤ i ≤ 2. Then the same argument used to discard [K3] gives that
f would reduce conformal codimension again if some [Ki] lied in a linear subspace
P2m+p, and this concludes the proof. 
Remark 18. In the proof of Theorem 5 we will need a slightly more general version
of Lemma 3. Suppose that we are given a connected umbilic-free weakly 2-umbilical
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isometric immersion f :M2m → S2m+p, p ≥ 2. Then, restricting the Legendre lift
λ of f to the “umbilic free” part UN0f of UNf (i.e., the set of (x, ξ) ∈ UNf such
that Aξ is not a multiple of I), we still have by Theorem 8 and Remark 10-( ii) that
λ|UN0
f
is 3-Dupin with the infinite principal curvature κ3 of multiplicity p− 1 and
the two others of the same multiplicity m. Moreover, if we have in addition that
f is conformally substantial, then an entirely analogous proof shows that λ|UN0
f
is
also irreducible.
The next two lemmas are related. Lemma 4 somehow characterizes the standard
embeddings of the four projective planes as the only 2-umbilical submanifolds with
codimension greater than one in space forms which can be focalized from a 3-
Dupin hypersurface in two different ways. Lemma 5 is the Lie sphere geometric
counterpart of Lemma 4 in terms of Legendre lifts.
Lemma 4. Let f :M2m → Q2m+pc , p ≥ 2, be a 2-umbilical isometric immersion. If
the tube ft : UN
2m+p−1
f → Q2m+pc is nowhere an immersion for some t 6= kpi, k ∈
Z, if c > 0 or t 6= 0 if c ≤ 0, then actually c > 0,
m = p− 1 = 2µ−1, µ = 1, 2, 3, 4,
and, up to congruence and the similarity θc, we have that
f (M) ⊂ ψF
(
FP
2
)
,
where F = R,C,H,O, according to whether µ = 1, 2, 3, 4, respectively.
Proof. We will basically show that the assumption implies that f is 2-unipotent,
from which the statement will then follow, by Theorem 1.
Since the computations in all three cases are similar, we restrict attention to the
spherical one (c = 1). Then ft is given by
(3.1) ft = cos t f + sin t ξ.
The singularities of ft take place exactly at the focal points of f . Indeed, differen-
tiating (3.1), we obtain
(3.2) ft∗ (X,−f∗AξX + η) = f∗ (cos tX − sin t AξX) + sin t η,
for all X ∈ TxM and all η ∈ NfM (x) orthogonal to ξ. Choosing X = 0 in (3.2),
we get
(3.3) ft∗ (0, η) = sin t η,
but since t 6= kpi, k ∈ Z, it follows that sin t 6= 0, and thus we conclude that every
η ⊥ ξ lies in the range of ft∗ at (x, ξ). On the other hand, taking now η = 0 in
(3.2), we have
(3.4) ft∗ (X,−f∗AξX) = f∗ (cos tX − sin t AξX) ,
and so the assumption that ft is nowhere an immersion, together with the previous
conclusion, forces (3.4) to vanish for some X (x, ξ) at every (x, ξ) ∈ UN2m+p−1f . In
particular, it follows that cot t is a common principal curvature of all Aξ, (x, ξ) ∈
UN2m+p−1f . Hence, we have that f is 2-unipotent by Lemma 1. The result then
follows immediately from Theorem 1. 
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Lemma 5. Let f : M2m → Q2m+pc , p ≥ 2, be a 2-umbilical isometric immersion
and let λ : UN2m+p−1f → Λ2(2m+p)−1 be its Legendre lift. If the spherical projection
of Ptλ is nowhere an immersion for some spherical, Euclidean or hyperbolic parallel
transformation Pt 6= ±I, then
m = p− 1 = 2µ−1, µ = 1, 2, 3, 4,
and, up to congruence and the stereographic projection pic if c ≤ 0 or similarity θc
if c > 0, we have that
f (M) ⊂ ψF
(
FP
2
)
,
where F = R,C,H,O, according to whether µ = 1, 2, 3, 4, respectively.
Proof. After possibly composing f with the stereographic projection, we are free to
work in the ambient space to which the action of Pt is best suited. More precisely,
we can assume that c = 1, 0,−1 depending on whether Pt is spherical, Euclidean
or hyperbolic, respectively. Then the spherical projection of Ptλ is simply the tube
f−t, and the result follows from the previous lemma. 
3.1. Proof of Theorem 3. To prove the theorem all one has to do is put together
the previous lemmata.
Proof. By Lemma 2, we have that n = 2m. It follows from Lemma 3 that the
Legendre lift λ : UN2m+p−1f → Λ2(2m+p)−1 of f is a connected irreducible 3-Dupin
submanifold with two principal curvatures of multiplicity m and the other p − 1.
Thus, we are under the assumptions of Theorem 10 and therefore we conclude that
p − 1 = m = 2µ−1 for µ = 1, 2, 3, 4 (hence 2m + p = 3 · 2µ−1 + 1 = 4, 7, 13, 25,
respectively) and λ is Lie equivalent to an open subset of the Legendre lift of a
3-isoparametric hypersurface in S4, S7, S13, S25, or equivalently, of that of the cor-
responding standard embedding ψF of the projective plane FP
2, for F = R,C,H,O,
respectively (see Remark 16). In other words, there exists a Lie sphere transforma-
tion γ such that the spherical projection f˜ of
(3.5) λ˜ = γλ
is a submersion of rank n = 2µ onto an open subset of the image of ψF. On the
other hand, we know from Theorem 6 that any such γ can be written as
γ = Φ1PtΦ2,
where Φ1 and Φ2 are Mo¨bius transformations and Pt is some spherical, Euclidean
or hyperbolic parallel transformation. Hence, taking Φ−11 on both sides of (3.5) we
have
Φ−11 λ˜ = PtΦ2λ.
Now let φi be the conformal transformation of S
3·2µ−1+1 induced by Φi, i = 1, 2.
Since λ is the Legendre lift of f , it follows that
Φ2λ = λ¯φ¯2,
where φ¯2 : UN
3·2µ−1
f → UN3·2
µ−1
φ2◦f
is the unit normal bundle isometry induced by
φ2 and λ¯ : UN
3·2µ−1
φ2◦f
→ Λ3·2µ+1 is the Legendre lift of the composition φ2 ◦ f .
Moreover, the spherical projection of Φ−11 λ˜ is simply φ
−1
1 ◦ f˜ , and thus is also a
submersion of rank 2µ onto its image. Hence, so must be that of Ptλ¯ and, in
particular, is nowhere an immersion, from which it follows, by Lemma 5, that
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already φ2 ◦ f (M) ⊂ ψF
(
FP
2
)
up to congruence, or else Pt = ±I. In both cases
we conclude that
(3.6) f (M) ⊂ ψF
(
FP
2
)
after a conformal motion, which completes the proof of the direct statement.
The converse follows immediately from the conformal invariance of the class of
2-Dupin submanifolds given by Corollary 2. 
3.2. Proofs of Theorems 4 and 5. Here we prove Theorem 4.
Proof of Theorem 4. If n = 2, then p ≤ 2, otherwise there are umbilical directions,
since the vector subspace of real symmetric 2 × 2 matrices is 3-dimensional. This
is case (iv) in the statement. Now we can assume n ≥ 3. If every principal
curvature has multiplicity greater than or equal to two, then f is automatically
2-Dupin, so cases (i) and (ii) follow from Theorem 3 and Pinkall’s classification of
the cyclides, respectively. Now we can assume that one of the principal curvatures
has multiplicity one. From Lemma 10 it follows that p = 1. Let κ be the principal
curvature of multiplicity n − 1. Then, on each connected component of the open
subset where κ 6= 0, we have by definition that f is a 1-PES. Finally, on each
connected component of the interior of the closed subset where κ = 0, we have by
the result of Dajczer-Florit-Tojeiro [22] that f is a generalized (n− 1)-cylinder (see
Subsection 2.3). 
Now we prove Theorem 5.
Proof of Theorem 5. In the case n = 2 there is nothing to be done. So we assume
n ≥ 3. Assume that the open subset
V =
{
x ∈Mn : R⊥ (x) 6= 0}
is nonempty. By Remark 10-(ii), we have that n = 2m, with m ≥ 2.
Take a connected component U of V , let q be the conformal codimension of
f |U and regard f |U as an isometric immersion into a totally umbilical submanifold
S2m+qc of S
2m+p, with c ≥ 1. Then Remark 18 implies that its umbilic-free Legendre
lift λ : UN0f → Λ is a connected irreducible 3-Dupin submanifold with two curvature
spheres of multiplicity m and the other q− 1. Thus, we are under the assumptions
of Theorem 10 and therefore we conclude that q − 1 = m = 2µ−1 for µ = 2, 3, 4
(hence 2m+ q = 3 · 2µ−1 + 1 = 7, 13, 25, respectively) and λ is Lie equivalent (by a
Lie sphere transformation γ) to an open subset of the Legendre lift of the standard
embedding ψF of the projective plane FP
2, for F = C,H,O, respectively. As in the
proof of Theorem 3, by decomposing γ according to Theorem 6, we get that
(3.7) f (U) ⊂ ImψF
after a conformal motion.
Finally, we claim that U =M . Assume otherwise and take x ∈ ∂U . Since ψF is
homogeneous and has nonflat normal bundle, it follows that
∥∥∥R⊥ψF
∥∥∥ = κ is constant
and positive, but then (3.7) yields∥∥R⊥f (x)∥∥ = κ > 0,
which is a contradiction with R⊥f (x) = 0. Thus the claim is proved and so
(3.8) Im f ⊂ ImψF,
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which gives us case (i) in the statement.
Now we can assume that R⊥ = 0 everywhere. If the two principal normals η1
and η2 of f have multiplicity ≥ 2, then they are automatically Dupin, and hence
the orthogonal net E = (E1, E2) of their principal distributions is what has been
called a CWP-net in [69], which implies that Mn is locally conformal to a warped
product. Moreover, since the second fundamental form α of f is adapted to E (i.e.,
α (E1, E2) = 0) and also the leaves of Ei, 1 ≤ i ≤ 2, are extrinsic spheres of Sn+p,
case (ii) then follows directly from the main theorem in [69].
Finally, case (iii) i.e. when one of the multiplicities is one, is obtained from the
considerations of Subsection 2.3 in a similar way as in the proof of Theorem 4. 
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